Under quite natural general assumptions, the following results are obtained. The maximum entropy of a quantized surface is demonstrated to be proportional to the surface area in the classical limit. The general structure of the horizon spectrum is found. The discrete spectrum of thermal radiation of a black hole fits the Wien profile. The natural widths of the lines are much smaller than the distances between them. The total intensity of the thermal radiation is estimated.
Introduction
The idea of quantizing the horizon area of black holes was put forward by Bekenstein in the pioneering article [1] . He pointed out that reversible transformations of the horizon area of a nonextremal black hole found by Christodoulou and Ruffini [2, 3] have an adiabatic nature. Of course, the quantization of an adiabatic invariant is perfectly natural, in accordance with the correspondence principle.
Later, the quantization of black holes was discussed by Mukhanov [4] and Kogan [5] . In particular, Kogan was the first to investigate this problem within the string approach.
Once the idea of area quantization is accepted, the general structure of the quantization condition for large quantum numbers N gets obvious, up to an overall numerical constant (written usually as 8π γ). It should be [6] A = 8π γ l 2 p N.
(
Indeed, the presence of the Planck length squared l 2 p = k /c 3 is only natural in this quantization rule. Then, for the horizon area A to be finite in the classical limit, the power of N should be the same as that of in l 2 p . This argument can be checked by considering any expectation value in quantum mechanics, nonvanishing in the classical limit.
It is worth mentioning that, contrary to widely spread beliefs, there are no compelling reasons to believe that the black hole spectrum (1) is equidistant.
A quite popular argument in favor of its equidistance is as follows [7] (see also [8, 9] ). On the one hand, the entropy S of horizon is related to its area A through the BekensteinHawking relation A = 4l
On the other hand, the entropy is nothing but ln g(n), where the statistical weight g(n) of any quantum state n is an integer. In [7] this circumstance is used too naively, which results after simple reasoning not only in the equidistant spectrum (1) , but also in the following allowed values for the numerical factor therein: 8πγ = 4 ln k, k = 2, 3, ... .
It is well-known, however, that the statistical weight being an integer, has no consequences for the entropy of macroscopic objects. A concrete error in arguments of [7] is pointed out in [10] (see also [11] ). There is also an observation, usually considered as an argument in favor of the equidistant area spectrum. It is due to Bekenstein, who demonstrated [12] that quantum effects result in the following lower bound on the change of the horizon area ∆A under an adiabatic process:
where ξ is a numerical factor reflecting "the inherent fuzziness of the uncertainty relation".
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We will discuss this bound later and demonstrate that in fact it is a strong argument in favor of the discrete spectrum of the black hole radiation.
Structure of Quantized Area of Black Hole
Quantization condition (1) can be interpreted naturally as follows. The whole horizon area A consists of patches of typical size ∼ l 2 p . Each of them can be characterized by a quantum number j, and the contribution a of a patch to the area depends on j, a = a(j). Besides, a patch can possess a quantum number m, such that a is independent of it. (Of course, both j and m may refer in principle not to a single quantum number each, but to sets of them.) Then, formula (1) can be rewritten as
where ν jm is the number of patches with given j and m.
To derive general relations for the "occupation numbers" ν jm , we will use the BekensteinHawking relation (2) and the so-called holographic bound formulated in [13 -15] . According to this bound, the entropy S of any spherical nonrotating system confined inside a sphere of area A is bounded by relation
with the equality attained only for a system which is a black hole. A simple intuitive argument confirming this bound is as follows [15] . Let us allow the discussed system to collapse into a black hole. During the collapse the entropy increases from S to S bh , and the resulting horizon area A bh is certainly smaller than the initial confining one A. Now, with the account for the Bekenstein -Hawking relation (2) for a black hole, we arrive, through the obvious chain of (in)equalities
at the discussed bound (5). It should be pointed out that at least for spherically symmetric black holes, the holographic bound has been checked by careful analysis of various physical situations, and therefore its validity is firmly established.
The result (5) can be formulated otherwise. Among the spherical surfaces of a given area, it is the surface of a black hole horizon that has the largest entropy. 3 We will consider now the "microcanonical" entropy S of a quantized surface defined as the logarithm of the number of states of this surface for a fixed area A (instead of fixed energy in common problems). Obviously, this number of states K depends on the assumption concerning the distinguishability of the patches. So, let us discuss first of all which of a priori possible assumptions is reasonable here from the physical point of view [10] (see also [11] ).
One possibility, which at the first glance might look quite appealing, is that of complete indistinguishability of patches. It means that no permutation of any patches results in new states. Under this assumption, the total number of states created by ν j = m ν jm patches of a given j is
here g(j) is the total number of possible values of m for a given j . 4 Under the natural assumption ν j ≫ g(j), the partial contributions
to the black hole entropy S = j s j are parametrically smaller than the corresponding partial contributions a(j)ν j to A/(4l 2 p ), in obvious conflict with the Bekenstein -Hawking relation (2) . Thus, with indistinguishable patches of the same j, one cannot make the entropy of a black hole proportional to its area (see also [18] ).
Let us consider now the opposite assumption, that of completely distinguishable patches. In this case the total number of states is
with the microcanonical entropy S = ν ln ν .
Obviously, here the maximum entropy for fixed A ∼ j a(j) ν j is attained with all a(j) being as small as possible. Then, in the classical limit ν ≫ 1, the entropy of a black hole grows faster than its area: A ∼ ν, but S = ν ln ν ∼ A ln A. Thus, the assumption of complete distinguishability is in conflict with the holographic bound, and therefore should be discarded. 5 We go over to the third conceivable scheme, which is quite popular (see, for instance, [18] ). According to it, the total number of states is
with the entropy of the horizon surface
It can be easily demonstrated that this scheme corresponds to the following assumptions on the distinguishability of patches:
The combination of the first two of them looks strange and unnatural (except the special case when a single value of j is allowed for all patches). Thus, we believe that the only reasonable set of assumptions on the distinguishability of patches, which may result in acceptable physical predictions (i.e. may comply both with the Bekenstein -Hawking relation and with the holographic bound) is as follows:
In this scheme, the number of states of the horizon surface for a given number ν jm of patches with momenta j and their projections j z = m, is obviously
and the corresponding entropy equals
The structures of the last expression and of formula (4) are so different that in a general case the entropy certainly cannot be proportional to the area. However, this is the case for the maximum entropy in the classical limit. In this limit, with all effective "occupation numbers" large, ν jm ≫ 1, we use the Stirling approximation, so that the entropy is
We calculate its maximum for a fixed area A, i.e. for a fixed sum
The problem reduces to the solution of the system of equations
where µ is the Lagrange multiplier for the constraining relation (12) . These equations can be rewritten as
or
Now we sum expressions (15) over j, and with j ν j = ν arrive at the equation for µ:
Strictly speaking, the summation in formula (16) extends not to infinity, but to some j corresponding to the maximum contribution a max to the area. The value of a max follows from the obvious condition: none of ν jm should be less than unity. Then, for ν ≫ 1 equation (14) gives
It is well-known that the Stirling approximation for n! has reasonably good numerical accuracy even for n = 1. Due to it, formula (17) for a max is not just an estimate, but has reasonably good numerical accuracy. On the other hand, multiplying equation (13) by ν jm and summing over jm, we arrive, with the constraint (12), at the following result for the maximum entropy for given N:
Thus, equation (4) for the quantized area can be rewritten as
where γ = µ/(2π), and the value of µ is found from equation (16) .
Quantization of Mass of Rotating Black Hole
When discussing the radiation spectrum of quantized black holes, one should take into account the selection rules for angular momentum. Obviously, radiation of any particle with nonvanishing spin is impossible if both initial and final states of a black hole are spherically symmetric. Therefore, to find the radiation spectrum, the quantization rule for the mass of a Schwarzschild black hole should be generalized to that of a rotating Kerr black hole.
To derive the quantization rule for Kerr black hole, we come back to the thought experiment analyzed in [2, 3] . Therein, under the adiabatic capture of a particle with an angular momentum j, the angular momentum J of a rotating black hole changes by a finite amount j, but the horizon area A does not change. Of course, under some other variation of parameters it is the angular momentum J that remains constant. In other words, we have here two independent adiabatic invariants, A and J, for a Kerr black hole with a mass M.
Such a situation is quite common in ordinary mechanics. For instance, the energy of a particle with mass m bound in the Coulomb field U(r) = −α/r is
where I r and I φ are adiabatic invariants for the radial and angular degree of freedom, respectively. Of course, the energy E is in a sense an adiabatic invariant also, but it is invariant only with respect to those variations of parameters under which both I r and I φ remain constant (or at least their sum). As to quantum mechanics, in it formula (20) goes over into
where n r and l are the radial and orbital quantum numbers, respectively. This example prompts the solution of the quantization problem for a Kerr black hole. It is conveniently formulated in terms of the so-called irreducible mass M ir of a black hole, related by definition to its horizon radius r h and area A as follows:
Together with the horizon area A, the irreducible mass is an adiabatic invariant. In accordance with (4) and (12), it is quantized as follows:
where m 2 p = c/k is the Planck mass squared. Of course, for a Schwarzschild black hole M ir coincides with its ordinary mass M. However, for a Kerr black hole the situation is more interesting. Here
where J is the internal angular momentum of a rotating black hole. Now, with the account of equation (23), we arrive at the following quantization rule for the mass squared M 2 of a rotating black hole:
Obviously, as long as a black hole is far away from an extremal one, i.e. while γN ≫ J, one can neglect the dependence of M 2 on J, and the angular momentum selection rules have practically no influence on the radiation spectrum of a black hole.
As to the mass and irreducible mass of a charged black hole, they are related as follows:
here q is the charge of the black hole. This formula has a simple physical interpretation: the total mass (or total energy) M of a charged black hole consists of its irreducible mass M ir and of the energy q 2 /2r h of its electric field in the outer space r > r h . With r h = 2kM ir , relation (26) can be rewritten as
Thus, for a charged black hole M 2 is quantized as follows:
In fact, relations of this type (even in a more general form, for Kerr -Newman black holes, both charged and rotating) were presented already in the pioneering article [1] , though with the equidistant quantization rule for M 2 ir , i.e. for the horizon area (see also [12] ). More recently, the conclusion that the mass of a quantized black hole should be expressed via its quantized area and angular momentum, was made in the approach based on the notion of so-called isolated horizons [23, 24] .
I do not mention here those attempts to quantize rotating and charged black holes which resulted in weird quantization rules forĴ 2 and e 2 / c.
Radiation Spectrum of Quantized Black Hole
It follows from expression (25) that for a rotating black hole the radiation frequency ω, which coincides with the loss ∆M of the black hole mass, is
where ∆N and ∆J are the losses of the area quantum number N and of the angular momentum J, respectively. We have used here, in line with (25) , the following identity for the Hawking temperature T :
as well as formula (24) .
In the same way, for a charged black hole one obtains with formula (28) the radiation frequency
where ∆q is the loss of the charge. We will be interested mainly in the first, temperature terms in (29) and (31), dominating everywhere but the vicinity of the extremal regime, where J → γN, or q 2 → 2γN, and T → 0. The natural assumption is that the temperature radiation occurs when a patch with a given value of j disappears, which means that
Thus we arrive at the discrete spectrum with a finite number of lines. Their frequencies start at ω min = T µ a min , where a min is the minimum value of a(j), and terminate at ω max = T ln ν (we recall here that a max = ln ν/µ). Thus, the number of lines is not so large, ∼ 10 2 , if the mass of black hole is comparable to that of the Sun. However, due to the exponential decrease of the radiation intensity with ω (see below), the existence of ω max and finite number of lines are not of much importance.
To substantiate the made assumption, we come back to the lower bound (3) on the change of the horizon area under an adiabatic capture of a particle. The presence of the gap (3) in this process means that this threshold capture effectively consists in the increase by unity of the occupation number ν jm corresponding to a min . If the capture were accompanied by a reshuffle of few occupation numbers, the change of the area could be made in general as small as one wishes. It is only natural to assume that in the radiation process as well, changing few occupation numbers, instead of one, is at least strongly suppressed. In this way we arrive at equations (32) .
Our next assumption, at least as natural as this one, is that the probability of radiation of a quantum with frequency ω j is proportional to the occupation number ν j . Correspondingly, the radiation intensity I j at this frequency ω j is proportional to ν j ω j :
We compare now this expression with the intensity of the black-body radiation in the Wien limit ω/T ≫ 1,
where A is the area of a spherical black body. First of all, our relation (33) for I j reproduces naturally the exponential factor of the Wien spectrum. To reproduce the Wien profile completely, we have to supplement relation (33) with an obvious additional factor, a sort of "oscillator strength". Thus we arrive at the final expression for the discrete radiation spectrum of a black hole:
Here ∆j is the difference between two successive values of j. For instance, if only integer values of j are admissible, ∆j = 1; if half-integer values are possible as well, ∆j = 1/2 . One should mention that it was argued long ago [7] , for the case of equidistant horizon quantization, that the discrete thermal radiation spectrum of a black hole should fit the Wien profile.
Of course, the discrete spectrum (35), together with the Wien spectrum (34), refers, strictly speaking, to high frequencies ω j /T = µ a(j) ≫ 1. However, one may hope that even for µ a min ∼ 1 the asymptotic value given by (35) does not differ too much from the true one.
On the other hand, when calculating here the radiation intensity, we have, in principle, to introduce the so-called grey factor, which is absent of course in the thermal radiation of a common black body. However, under the natural assumption ω min /T = µ a min ∼ 1 , the grey factor correction should not be as essential quantitatively even for the first line, and so much the more for higher ones. Now, to estimate the total radiation intensity I = j I j ∆ω j , we approximate the sum over j by integral and thus obtain
The integral obtained is almost independent of its lower limit µa min if this limit remains on the order of unity: the value of the integral changes from 6 to 5.14 when µa min changes from 0 to 2. Therefore, under the same natural assumption µa min ∼ 1 the total radiation intensity is I ≈ 0.14 A T 4 .
The numerical coefficient in this expression is close to that in the total intensity of the common thermal radiation, i.e. to the Stefan-Boltzmann constant, which is π 2 /60 = 0.164. This is natural since the Rayleigh-Jeans contribution to the total intensity, which is absent in the present spectrum, would be small anyway.
The emission probability for a quantum of frequency ω j = T µ a(j), i.e. the width of the corresponding line, is
The ratio of this natural line width to the distance ∆ω j is
With [µ a(j)] 2 e −µ a(j) < ∼ 0.54 , this ratio is very small numerically: < ∼ 10 −3 . Thus, the radiation spectrum of an isolated black hole is really discrete.
Equation (35) describes the thermal radiation of photons and gravitons, which have two polarizations. It applies as well to the thermal radiation of massless fermions. However, in the last case a proper account of the number of polarization states is necessary: e.g. for a two-component Dirac neutrino, with a single polarization, the numerical factor in (35) will be two times smaller.
As to the nonthermal radiation of extremal black holes, described by the terms with ∆J and ∆q in (29) and (31), these effects are due to tunneling (see relatively recent discussion of the subject, as well as detailed list of relevant references, in [25, 26] ). The loss of a charge by a charged black hole is caused in fact by the Coulomb repulsion between the black hole and emitted particles with the same sign of charge. For a rotating black hole the cause is the interaction of angular momenta: particles (massless mainly), whose total angular momentum is parallel to that of a black hole, are repelled from it.
Black Holes in Loop Quantum Gravity
In this section we illustrate the general relations derived above with an example of a concrete model, that of loop quantum gravity (LQG) [27 -31] .
A quantized surface in LQG looks as follows. One ascribes to it a set of punctures (corresponding to patches of the previous sections). Each puncture is supplied with an integer or half-integer quantum number j:
The projections m of these "angular momenta" run as usual from −j to j. The area of a surface is
This is in fact a special case of the above general expressions with
It is worth mentioning here that though area spectrum (41) is not equidistant, it is not far away from it. Indeed, even for the smallest quantum number j = 1/2, j(j + 1) can be approximated by j + 1/2 with an accuracy 13%. And the approximation j(j + 1) ≈ j + 1/2 gets better and better with growing j, i.e. spectrum (41) approaches an equidistant one more and more.
The numerical factor γ in (41) (called here Barbero -Immirzi parameter) corresponds in LQG to a family of inequivalent quantum theories, all of them being viable without such an input [32, 33] . General relations derived above for arbitrary a(j), g(j) can be readily used in the present concrete case. In particular, "secular" equation (16) and its solution read now
Thus, the value of the Barbero-Immirzi parameter in LQG is
The minimum frequency is here
One can find also in closed form corrections to the Bekenstein -Hawking relation (2) . With the leading correction included, this relation looks as follows:
The existence of this ln 3 correction was first pointed out in [34] , though with coefficient 1/3 instead of 1/6.
At last, the total radiation intensity of a black hole in LQG is
We note that our conclusion of the discrete radiation spectrum of a black hole in LQG differs drastically from that of [35] , according to which this spectrum is dense.
Our last remark refers to the problem of Barbero -Immirzi parameter γ in LQG. The first attempts to fix its value, based on the analysis of the black hole entropy, were made in [36, 37] . However, these attempts did not lead to concrete quantitative results.
Then it was argued in [38] that the horizon of a black hole should be described by a U(1) Chern -Simons theory, and characterized by punctures with quantum numbers ±1/2 only.
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With these quantum numbers, one arrives easily at the equidistant area spectrum and at the value γ 1 = ln 2/(π √ 3) = 0.127 for the Barbero -Immirzi (BI) parameter. However, it was pointed out in [10] that this result violates the holographic bound. Indeed, common bulk states, where a surface area is given by expression (41), certainly exist in LQG. With smaller BI parameter, γ 1 = 0.127 < γ = 0.274, the entropy obtained in [38] is smaller than the maximum entropy corresponding to area (41) . Therefore, in virtue of the firmly established (at least for spherically symmetric surfaces) holographic bound, the result of [38] cannot be correct.
Then, the result of [38] was revised in [40, 41] , still within the same idea of a U(1) ChernSimons description of the horizon. Effectively, according to [40, 41] , one should ascribe to the punctures of the horizon arbitrary integer and half-integer j, but with only two maximum projections ±j. No wonder that the equation for the BI parameter looks in [41] 
with the solution γ 2 = µ 2 /(2π) = 0.238, instead of ours (43) with γ = 0.274 (see also the discussion of (48) in [34] ). So, since γ 2 = 0.238 < γ = 0.274, here as well the holographic bound is violated. The conclusion is obvious. Any restriction on the number of admissible states for the horizon in LQG, as compared to a generic quantized surface (with any j and −j ≤ m ≤ j ), be it, for instance, the restriction to j = 1/2 , m = ±1/2 , according to [38] , or the restriction to anyj , m = ±j , according to [40, 41] , results in a conflict with the holographic bound. Clearly, the schemes leading to such restrictions should be abandoned.
